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Summary

This report presents the mathematical models of basic planar imprecise geometric objects (fuzzy line, fuzzy triangle and
fuzzy circle), as well as the basic measurement functions (distance between fuzzy point and fuzzy line, fuzzy point and
fuzzy triangle, two fuzzy lines and two fuzzy triangles), spatial operations (linear combination of two fuzzy points), and
main spatial relations (coincidence, between and collinear). These models are the theoretical foundation for spatial mod-
elling in ATLAS platform.
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1. Introduction

Extraction of basic geometric features, such as lines, from digital raster image is one of fundamental processes in image
analysis. Common problems in image analysis arise from the fact that a discrete space (digital raster image) is used for
real-world’s elements representation, while spatial relations apply rules of continual space. For example, line is repre-
sented as a set of discrete points that usually do not have to be collinear, which contradicts the line definition. Real-world
objects are mapped to the digital raster image through a variety of sensors, making the image only an approximation to
the real-world object. Due to imperfections in either the image data or the edge detector, there may be missing points or
pixels on lines as well as spatial deviations between ideal line and the set of imprecise points obtained from the edge de-
tector. The overall effect is an image that has some distortion in its geometry.

The research topic which is relevant for this paper is modeling of basic planar imprecise geometry objects and their rela-
tions, as well as their application to spatial data management systems. In the sequel, the results belonging to this topic
will be briefly presented.

An overview of the papers dealing with imprecise point objects modeling is given in [1] and [2].
This report consists of six sections. Following this introduction, several definitions and preliminaries related to imprecise
point object model are presented in Section Il. Mathematical models of the basic planar imprecise geometrical objects are

set out in Section I1l. Section IV contains basic spatial measurement functions and section V contains basic spatial rela-
tions. Section VI contains concluding remarks.

2. Preliminaries

Definition 2.1 Fuzzy point P € R?, denoted by P is defined by its membership function us € F2, where the set 2 con-
tains all membership functions u: R? - [0,1] satisfying following conditions:

) (Vu€eF?@EPeER)HuP) =1,

i) (VXy, X, € R2)(A € [0,1]) u(AX; + (1 — 1)X2) = min( u(Xy), u(Xs)),
iii) function u is upper semi continuous,

iv) [u]® = {X|X € R?,u(X) = a} a-cutof function u is convex.

The point from R?, with membership function us(P) = 1, will be denoted by P (P is the core of the fuzzy point P ), and
the membership function of the point P will be denoted by us. By [P]* we denote the a-cut of the fuzzy point (this is
a set from R?).
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Definition 2.2 R? Linear fuzzy space is the set 72 < F2 of all functions which, in addition to the properties given in
Definition 2.1, are:

i) Symmetric against the core S € R?
W) =1,
p(V) =pM) A u(M) #0 = d(S,V) =d(S,M),
where d(S, M) is the distance in R2.
ii) Inverse-linear decreasing w.r.t. points’ distance from the core according to:
Ifr +=0

us(v) = max (0,1 — 2E2),

Irsl
ifr=20
1 if S=V
“S(V)‘{ 0 if S#V,
where d(S,V) is the distance between the point V and the core S (V,S € R™) and r € R is constant.
Elements of that space are represented as ordered pairs S = (S,75) where S € R? is the core of S, and 75 € R is the dis-

tance from the core for which the function value becomes 0; in the sequel parameter rs will be denoted as fuzzy support
radius.

Definition 2.3 Let the linear fuzzy space  be defined on . Fuzzy relations <RF and <!F for the set  are defined by
membership functions

0 if A>B,
> _RF B\ _ B—-A .
u(A <RF By = — if AKBANA+1,>B+r3p
1 if ASKBANA+1r,<B+r3,
0 if A>B
e | B—A 3 3
u(A < B) = if AKBANA-1r,>B—r3

s —Ta
1 if ASBAN —-1r,<B—r3,
respectively, where A = (4,7,) and B = (B, ry) are points from , A is the core of 4 and , is a parameter determining
the membership function of point A.

3. Basic fuzzy plane geometry objects in R? linear fuzzy space

In this section we present theoretical models of basic operations over linear fuzzy space 72 defined on R?, as well as
their properties which will be used in definitions of basic fuzzy plane geometry objects.

Definition 3.1 Let A4, B € H?2. An operator +: H? x H? — H? is called fuzzy points addition given by
A+B=(A+B,1,+r1),

where A + B is a vector addition, and r, + 15 is a scalar addition.

Definition 3.2 Let 7£2 be a linear fuzzy space. Then a function f: H? x 72 x [0,1] — F?2 is called linear combination
of the fuzzy points A, B € #? given by

f(4,Bu)= A+u-(B-A4),

where u € [0,1] and operator is a scalar multiplication of fuzzy point.



Figure 3.1 shows alpha-cuts of the fuzzy points 4, B € #?2 and alpha-cut of the fuzzy point f(4, B, ). Cores of the all
three fuzzy points are collinear. All straight lines that connects points X € [/I]a and Y € [B]* always contains at least
one point from [f(4, B,u)]".

Remark. The linear combination of the two fuzzy points could be also expressed as
f(A4Bu)=1-wA+u-B.
Definition 3.3 Let A,B € 2 and A # B. Then a point T,z € R? is called internal homothetic center if the following

holds

a.

TAB=A+ Tb (B_A),

ar+by
where A = (4,a,) and B = (B, b,.).

In the previous definitions we introduced the basic element of a linear fuzzy space and provide an overview of its basic
features. Fuzzy points are used to describe the position of a real object when there is some uncertainty to the measured
position. Most often this uncertainty in practical applications is ignored. There are applications in which real objects are
not only represented by the position but the entire series of uniformly spaced points. These points can be distributed
along a curve that has a beginning and an end. Curve that connects two points is called a line or path.

If the points that represent the path are imprecise, then the whole line should be described in way similar to imprecise
point’s description. In this section we will present mathematical model for such fuzzy line.

Definition 3.4 Let 2 be a linear fuzzy space and function f is a linear combination of the fuzzy points A and B. Then
a fuzzy set AB is called fuzzy line if following holds

AB = Uue[0,1]f(/ir B, ).
Theorem 3.1 Let 2£2 be linear fuzzy space, fuzzy line AB defined by fuzzy points A and B € 2. Then following holds
AB = BA.
Definition 3.5 Let AB be fuzzy line defined on linear fuzzy space H? and X € R?. Then a fuzzy point X’ c AB is called

fuzzy image of point X on fuzzy line AB, and a real number u € [0,1] is called eigenvalue of the fuzzy image X on fuzzy
line AB if following hold

() X' =A+u(B-A4),
) d(X,[X]") = min (X, )|vY € [4B]'},
(X1—a1)(b1—a1)+(x2—az)(bz—az)))

(b1—a1)?+(by—a)?

(iii) u = min (1, max (O,

where X = (x,%,), A = ((a1,a,),a,) i B = ((by, by), by).
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Remark. If the eigenvalue of the fuzzy image X is equal 0, then fuzzy image is the starting fuzzy point, if eigenvalue is
equal 1 itis the final point, otherwise it is the inner point of a fuzzy line.

%
ef‘

Figure 3.2 Geometric illustration of the fuzzy image of point X on fuzzy line AB

Figure 3.2 shows alpha cuts of the fuzzy points A, B € #? and alpha-cut of the fuzzy image of point X on fuzzy line AB
(fuzzy point )?’). The nearest point from point X to the straight line AB = [17173]0 is core of its fuzzy image X'

Theorem 3.2 Let AB € L? be fuzzy line, X' e x? fuzzy image of point X € R? on AB and u € [0,1] eigenvalue of
the fuzzy image X on AB. Then point X belongs to fuzzy set AB according to following
paX) if un=0
pap(X) = b (X) if 0 <up <1,
us(X) if up=1
(by—ay) d(x,x")?

where fuzzy point X; = A + u,,,(B — A) and u,, = u + R ATYYaCR

Definition 3.6 Let 4, B, C € H? be fuzzy points with noncollinear cores (4 # B # €) and function f is a linear combi-
nation of two fuzzy points. Then the fuzzy set ABC is called fuzzy triangle, if the following holds

It's membership function is denoted by pzz¢ (X) and determined according to the following formula

Hape(X) = max ]{MY(XNY=f(A~:f(§'C~:U):u)}-

uelo,1],vel0,1

a-cut of fuzzy triangle ABC is denoted by [ABC]".

Figure 3.3 shows geometric illustration of the fuzzy triangle membership function and corresponding a — cuts.

uzze: R? - [0,1]

a) b)

Figure 3.3: a) Fuzzy triangle membership function b) Fuzzy triangle a — cuts
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Definition 3.7 Let ABC be a fuzzy triangle defined on fuzzy linear space H 2. Fuzzy point X ¢ ABC is called edge point
of the fuzzy triangle ABC if for all « € [0,1] a point Y € [X]% exists such that all its neighborhoods contain at least one

point from [ABC]” and at least one point outside of [ABC]".
Remark. a-cut of all edge points intersect a-cut of fuzzy triangle in at least one point.

Definition 3.8 Let ABC be a fuzzy triangle defined on fuzzy linear space 2. Fuzzy point X c ABC is called inner point
of fuzzy triangle ABC if it is not an edge point.

Definition 3.9 Let ABC be a fuzzy triangle defined on fuzzy linear space 2. Union of all edge points of the fuzzy trian-
gle ABC is called fuzzy edge of fuzzy triangle ABC , denoted by 9ABC.

Theorem 3.3 Let ABC be a fuzzy triangle defined on #£2. Then, for every fuzzy point X € dABC/{A,B,C}and « €
[0,1] the single point T € [X]* exists such that all its neighborhoods contain at least one point from [ABC]“ and at least
one point outside of [ABC]”.

Theorem 3.4 Let ABC be a fuzzy triangle defined on linear fuzzy space 2. Then for all X € R? the following holds

tase (X) = peas (X) = ugea(X).
Direct consequence of this proposition is that a fuzzy triangle can be represented by three fuzzy points, i.e., the set
{A,B,C}.
Fuzzy circle is also one of the basic planar imprecise geometrical objects. Analogously to the definitions of fuzzy line

and fuzzy triangle, which is an extension of a precise circle, we define a fuzzy circle as a union of fuzzy points. Thereby,
we also take care that a newly defined geometrical object is appropriate for implementation in GIS applications.

Definition 3.10 Let  be a fuzzy space defined on , fuzzy relation <FF be fuzzy ordering in linear fuzzy space
C € R? and R € H. Then the union of all fuzzy points 4 € #'2 such that

u(d(c,A) <fFR) =1,

is called fuzzy circle with center € and radius R.
Fuzzy circle is represented by the ordered pair (C, R).

Theorem 3.5 Let (C,R) be a fuzzy circle defined on linear fuzzy space #£2. Then the value of the fuzzy circle member-
ship function in point X € R? is determined according to the following formula

Ue,p(X) = max (0, min (1, 1- M)),

Tr

where R = (R, 7).

4. Spatial measurement in R? linear fuzzy space

Measurement of the space, especially a distance between plane geometry objects is defined as a generalization of the
concept of physical distance. Distance function or metric is a function that behaves according to specific set of rules. In
this section we present the basic distance functions between fuzzy plane geometry objects and their main properties ac-
cording to the set of rules presented in papers [1], [20]



Definition 4.1 Let 2 be a linear fuzzy space, d:H? x H? - H™*, L,R:[0,1] x [0,1] - [0,1] be symmetric, associa-
tive and non-decreasing for both argyments, and L(0,0) = 0, R(1,1) = 1. The ordered quadruple (#?2,d, L, R) is called
fuzzy metric space and the function d is a fuzzy metric, if and only if the following conditions hold:
(i) d(X,7)=0 o [X]'=[7]"
(ii) d(X,Y) =d(¥,X) foreach X,Y € H2.
(iii) vX,Y € HZ:
a. d()?, Y)(s +t) = L(d(x, Z)(S),d(z,y)(t)) if
sSL2)N t<@ZY)A s+t < L(xy)
b. d(X,¥)(s +1t) <R(d(x,2)(s),d(z,y)(©®) if
sZ2M2)AN t=24(EZy)A s+t = A4(xy),

where the a-cut of fuzzy number d(x, y) is given by [d(X, ¥)]" = [1a(x,¥), pu(x, )] (x,y € R*,0 < a < 1). The
fuzzy zero, 0 is a non-negative fuzzy number with [0]* = 0.

Remark: Following distance functions are fuzzy metrics.

(i) Cz()?, }7) =pr (AX,Y), (rx +1v))
(ii) d(X,7) =pr (d(X,Y), max(ry,1v))
(iii) d(X,Y) =pr (d(X,Y), |rx —17])
Distance (iii) also satisfies set of rulles which define clasic metric.

In the following definitions we extend distance between fuzzy points to distance between different fuzzy plane geometric
objects, such as distance between fuzzy point and fuzzy line, fuzzy point and fuzzy triangle and at last between two fuzzy
triangles.

Definition 4.2 Let 72 be a linear fuzzy space, £ set of all fuzzy linesdefined on # 2, d is fuzzy distance between fuzzy
points, and y; is membership function of the fuzzy relation minimal (Definition 15. in the paper [1]). The function
dist: H? x L? - H* is called distance between fuzzy point and fuzzy line if the following holds:

dist(T,AB) = d(T,X)
where X € AB such that u, (d(T, X)) = hgt({d(T, 7)|v7 € AB}).

Definition 4.3 Let 2£2 be linear fuzzy space, 72 be a set of all fuzzy triangles defined on #2, d is fuzzy distance betwe-
en fuzzy points and g, is membership function of the fuzzy relation minimal. The function dist: H2 x T2 - H* is
called distance between fuzzy point and fuzzy triangle if the following holds:

dist(T,ABC) = d(T,X)
where X € ABC such that i, (d(T, X)) = hgt({d(T,7)|v¥ € ABC})

Definition 4.4 Let 72 be linear fuzzy space, £? set of all fuzzy lines on 2 d is fuzzy distance between fuzzy points
and u; is membership function of the fuzzy relation minimal. Th function dist: £2 X £L? — H* is called distance
between two fuzzy lines if the following holds:

dist(AB,CD) = d(X,Y)
where X € AB and ¥ € CD such that
U (&(X' 17)) = hgt({d(Q,W)|vQ € AB AVW € CD})



8

Definition 4.5 Let 72 be a linear fuzzy space, L2 be a set of all fuzzy lines on 22, T2 be a set of all fuzzy triangles, d
is fuzzy distance between fuzzy points and u; is membership function of the fuzzy relation minimal. The function
dist: L2 X T2 - H* is called distance between fuzzy line and fuzzy triangle if the following holds:

dist(AB,CDE) = d(X,Y)

where X € AB and Y € CDE satisfies condition
UL (&()? }7)) = hgt({d(Q,W)|vQ € AB AVW € CDE})

Definition 4.6 Let 72 be linear fuzzy space, 72 be a set of all fuzzy triangles on 2, d is fuzzy distance between fuzzy
points and y; is membership function of the fuzzy relation minimal. The function dist: T2 x 72 - 3™ is called dis-
tance between two fuzzy triangles if the following holds:

dist(ABC,DEF) = d(X,Y)

where fuzzy points X € ABC and Y € DEF such that
w, (d(X,7)) = ngt({d(Q,W)|v( € ABC AvW € DEF)).

5. Spatial relations in R? linear fuzzy space

Spatial relations (predicates) are functions that are used to establish mutual relations between the fuzzy geometric ob-
jects. The basic spatial relations are coincide, between and collinear. In this section we give their definitions and basic
properties.

Fuzzy relation coincidence expresses the degree of truth that two fuzzy points are on the same place.

Definition 4.1 Let A be the Lebesgue measure on the set [0,1] and F?2 is a linear fuzzy space. The fuzzy relation
coin: H% x H? - [0,1] is fuzzy coincidence represented by the following membership function

Mcoin(A:g) = A{a | [/I]a n[B1* # 9)).
Remark. Since the lowest « is always 0, then a membership function of the fuzzy coincidence is given by
Heoin (A, B) = max{a | [4]" n [B]* = o},

Proposition
“Fuzzy point A is coincident to fuzzy point B”

is partially true with the truth degree ,ucom(A,E); in the Theorem 4.1 we present method for its calculation.

Theorem 4.1 Let the fuzzy relation coin be a fuzzy coincidence. Then the membership function of the fuzzy relation
fuzzy coincidence is determined according to the following formula

0 if la.|+1|b:] =0 Ad(4,B)#0,
(4,B)= 0,1 d(,B) j +1b.| %0
Heoin\ A, b)) = qmax| U, @]+ 1B, if la|+ b )
1 if la+|b)]=0Ad(4,B)=0.

Fuzzy relation contains or between is a measure that fuzzy point belongs to fuzzy line or fuzzy line contains fuzzy point.
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Definition 4.2 Let A be Lebesgue measure on the set [0,1], £? linear fuzzy space and L2 be set of all fuzzy lines de-
fined on H 2. Then fuzzy relation contain: 2 x L2 — [0,1] is fuzzy contain represented by following membership
function

.ucontain(A; EZ:) =A({e | [A]a n [Bz‘]a * 0}).
Remark. Its membership function could be also represented as

Heontain(4,BC) = A({a|3u € [0,1] A3X € [4]“ A3Y,Z € [BC] A X =Y +u(Z - V)]).
Proposition
“Fuzzy line BC contain fuzzy point A”
is partially true with the truth degree uconmm(ﬁ, L?C); in the Theorem 4.2 we present method for its efficient calculation.

Theorem 4.2 Let A, B, C € H? be fuzzy points defined on 72 linear fuzzy space, u € [0,1] and A” be fuzzy image of
point A on fuzzy line BC. Points T,p and T, are internal homothetic center fuzzy points for fuzzy points Aand B and

A and C respectively. Then the membership function of the fuzzy relation fuzzy contain is determined according to the
following formula

o Ueoin(A, A7) ako je u € {0,1
ﬂcontain(A, BC) — COln( . ) ) ] { }
ui(A")ako jeu € (0,1) ,

where point A* is a projection of core of A on the line passing through the points T,z and T.

Collinearity is also one of the fundamental relations between three points in plane geometry. In the following definition
we will present our definition of fuzzy collinearity in fuzzy linear space, as well as the method for its practical computa-
tion.

Definition 4.3 Let 4, B, C € 3?2 be a fuzzy points defined on #£? linear fuzzy space and 1 be Lebesgue measure on
the set [0,1]. The fuzzy relation coli: H? X H? x 3% - [0,1] is fuzzy collinearity between three fuzzy points and it
is represented by following membership function

teoi(4,B,C) = MalFue RAIX € [A]* A3y € [B]*A 3Z € [C]*A A=B +u(C - B)}.
Proposition
"Fuzzy points 4, B and C are collinear"

is partially true with the truth degree ycou(/i, B, C); in the Theorem 4.3 we present method for its calculation.

Theorem 4.3 Let A, B, C € H'2, fuzzy relation contain be fuzzy contain. Then a membership function of the fuzzy re-
lation fuzzy colinearity is determined according to the following formula

Heoti (A, B, C) = max (.ucontain (A, Ea): Heontain (E: ZC): Hcontain(é: ‘IB)) .

6. Conclusion

This report presents a mathematical model of the imprecise basic plane geometric object (fuzzy line, fuzzy triangle, fuzzy
circle), proven, theirs main properties, introduced basic distance functions and introduced the basic imprecise spatial re-
lations (coincidence, contain and collinear).

This model of the imprecise line object is based on the model of fuzzy imprecise point proposed in [1] as the union of
linear combination of two fuzzy points. Consequence is that fuzzy line can be represented by only two fuzzy points,
which is simple, yet descriptive extension of precise ideal line. Imprecise spatial relations are based on fuzzy relations
between fuzzy points and fuzzy lines .
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The proposed models of imprecise line objects are primarily intended for GIS (imprecise spatial object modeling), but al-
so apply to various other domains such as image analysis (imprecise feature extraction), robotics (environment models),

etc.
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